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Abstract
A classcation of 2-arc-transitive circulant digraphs is given. c© 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction
A k-arc in an undirected graph is a sequence of k+1 vertices v1; v2; : : : ; vk+1, such that
any two consecutive terms are adjacent and any three consecutive terms are distinct.
A graph G is k-arc-transitive if Aut(G) acts transitively on the k-arcs of G. Similarly,
a k-arc in a directed graph is also a sequence of k + 1 vertices v1; v2; : : : ; vk+1, such
that there exists an arc from vi to vi+1 for every i (16i6k), and any three consecutive
terms are distinct. A directed graph D is called k-arc-transitive if D is vertex transitive
and Aut(D) acts transitively on k-arcs of D (Note that k-arc-transitivity serves as a
measure of symmetry for a digraph, if we do not add the condition ‘vertex transitive’,
then some kinds of directed trees would be k-arc-transitive, which is not what we
want).
Let Zn be the cyclic group of integers modulo n and S Zn n f0g. The circulant
digraph, denoted Dn(S), is a directed graph with vertex set Zn and for i and j in Zn,
there is an arc from i to j if and only if j− i2 S. S is called the symbol set of Dn(S).
If S is symmetric, i.e. if S =−S, then there is an arc from i to j in Dn(S) if and only
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if there is an arc from j to i. Thus, in this case, Dn(S) corresponds to an undirected
graph denoted by Cn(S) and is called a circulant graph.
Circulant graphs and digraphs admit a regular action of a cyclic group and so are
vertex transitive, but generally, they are not edge- or arc-transitive. A natural problem is
to classify k-arc-transitive circulant graphs and digraphs. In [1], Alspach et al. classied
k-arc-transitive circulant graphs for k>2.
Theorem 1 (Alspach et al. [1]). A connected 2-arc-transitive circulant graph of
order n; n>3; is one of the following:
(i) the complete graph Kn; which is exactly 2-transitive;
(ii) the complete bipartite graph Kt; t ; n= 2t>6; which is exactly 3-transitive;
(iii) the complete bipartite graph Kt; t minus a 1-factor; n = 2t>10; t odd; which is
exactly 2-transitive; and
(iv) the cycle Cn of length n; which is k-arc-transitive for all k>0.
In this paper we will characterize 2-arc-transitive circulant digraphs. Notation and
denitions not dened here can be found in [2,3].
2. Main results
A digraph D is said to be strongly connected if for any pair of vertices x and
y in V (D), there are directed paths from x to y and y to x. Clearly, to classify
2-arc-transitive circulant digraphs, it suces to classify the strongly connected ones.
As a circulant digraph Dn(S) is strongly connected if and only if S generates Zn, thus,
in what follows we always assume that S generates Zn.
Note that a graph G is 2-arc-transitive if and only if its associated digraph (the
digraph obtained by replacing each edge of G with two arcs having the same end
vertices but dierent directions) is 2-arc-transitive. Thus, if S Zn nf0g and S = −S,
then the strongly connected circulant digraph Dn(S) is 2-arc-transitive if and only
if Cn(S) is 2-arc-transitive, and so is one of the associated digraphs specied in
Theorem 1. Hence, to classify 2-arc-transitive circulant digraphs, it suces to classify
those circulant digraphs Dn(S) with S 6=−S.
Before proceeding, let us give some notations. Let S be a subset of Zn, dene
2S = f2s: s2 Sg;
−S = f−s: s2 Sg
and
S + S = fs+ s0: s; s0 2 Sg:
Lemma 1. Let Dn(S) be a 2-arc-transitive circulant digraph with S 6= −S. Then;
S \ (−S) = ;.
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Proof. Let s2 S \ (−S), then the arc (0; s) is contained in a directed cycle of
length 2. Since Dn(S) is arc-transitive, every arc is contained in a directed cycle of
length 2. Thus, S =−S.
Lemma 2. If Dn(S) is a strongly connected 2-arc-transitive digraph with
S \ (S + S) 6= ;; then Dn(S) is the complete digraph D(Kn).
Proof. If S\(S+S) 6= ;, we can choose s1; s2; 2 S with s1+s2 2 S. Then, (0; s1; s1+s2)
is a 2-arc in Dn(S) and (0; s1 + s2) is an arc. Assuming (S + S)n (S [ f0g) 6= ;, we
can choose s01; s
0
2 2 S with s01 + s02 62 S, in which case (0; s01; s01 + s02) is a 2-arc but
(0; s01 + s
0
2) is not an arc. Clearly, this contradicts 2-arc-transitivity, so we conclude
that S + S  S [ f0g. But then Z + n S [ f0g as Dn(S) is strongly connected. Hence,
S = Zn nf0g, and Dn(S) = D(Kn) as claimed.
The lexicographic product D1[D2] of two digraphs D1 = (V1; E1) and D2 = (V2; E2) is
the directed graph with vertex set V1  V2 such that ((a1; a2); (b1; b2)) is an arc if and
only if either (a1; b1)2E1 or a1 = b1 and (a2; b2)2E2. Now, we are in a position to
state our main result.
Theorem 2. Let Dn(S) be a strongly connected 2-arc-transitive circulant digraph.
Then one of the following holds:
(i) The undirected graph Cn(S) corrsponding to Dn(S) is of isomorphism type de-
scribed in Theorem 1. Thus; Dn(S) is obtained by replacing each edge of Cn(S)
by two oppositely directed arcs.
(ii) Dn(S) is isomorphic to the lexicographic product Cr[ Kn=r] of the directed cycle
Cr and the empty graph Kn=r for some divisor r of n.
Proof. If S = −S, then (i) is obtained from the discussion at the beginning of this
section. If S 6= −S, then by Lemma 1 we have S \ (−S) = ;. By Lemma 2, we may
assume that S \ (S + S) = ;. Now, it clearly suces to show that 2-arc-transitivity of
X = Dn(S) implies that S is a coset x + hri of hri in Zn for then (ii) would clearly
follow. We may further assume that X is not a directed cycle (for otherwise we are
done) and so jSj>2, forcing the girth of X to be either 3 or 4. In fact, the girth
must be 4 since S \ (S + S) = ; would otherwise imply that X is the complete graph,
contrary to our assumption. In particular, X contains parallel 4-cycles, that is, 4-cycles
having two opposite vertices, one with two predecessors (and no successors) and the
other with two successors (and no predecessors). (For example, (0; s1; s1 + s2; s2; 0),
with s1; s2 2 S is such a cycle.) The number of paralled 4-cycle containing a given
2-arc (0; s; w), where s2 S, w2 S + S, is (w) = jS \ (−S + w)j. We now use [1,
Lemma 2:2] to deduce the following information about (w). If n is odd then (w) is
odd for w2 2S and even if w 62 2S. On the other hand, if n is even, [1, Lemma 2:2]
implies that (w) is odd for w = 2s2 2S such that s 62 S \ (S + n=2), and (w)
is even when either w 62 2S or w = 2s2 2S and s2 S \ (S + n=2). But, we may
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always take w2 2S. It follows, thus, that (w) is odd for all w2 S+ S when n is odd,
forcing S + S = 2S. Moreover, when n is even it follows that either (w) is odd and
S \ (S + n=2) = ; and thus, as in the n odd case, S + S = 2S, or (w) is even and
S = S + n=2. We conclude that either (i) S + S =2S or (ii) n is even and S = S + n=2.
First, if S+S=2S then S+x=S+S for each x2 S. But then S−x is an additive sub-
group of Zn. Namely, given s1; s2 2 S there exists s3 2 S such that (s1− x)+ (s2− x)=
(s1 + s2) − 2x = (s3 + x) − 2x = s3 − x2 S − x. Hence, there exists r 2Zn such that
S = x + hri and we are done.
We may now assume that n is even and that S=S+n=2. (Note that n=2 62 S in view
of the fact that S\(−S)=;.) Let B(0)=f j2Zn: S+j=Sg. Clearly, 0; n=22B(0). But
clearly B(0) 6= Zn and so B(0) is a block of imprimitivity for Aut X . Since X admits
a regular action of Zn, we have that blocks of imprimitivity correspond to cosets of
additive subgroups of Zn. In particular, this implies that B(0) = hri for some proper
divisor r 6= 1 of n (and of n=2). In particular, S is a union Si=ki=1 (xi + hri) of cosets
of hri. Let B denote the complete block system arising from B(0), that is, the set of
cosets of hri. We have that the quotient digraph X=B, dened in the obvious way, is
a 2-arc-transitive circulant digraph of order r <n, and by induction we may assume
that it has the desired form. In other words, its symbol is a coset of some additive
subgroup hti of Zr . But then, going back to the original graph X , this means that each
xi belongs to the same coset of hti (as a subgroup of Zn). It is then easy to see that
S + t = S, forcing t 2B(0). Thus, r divides t and so t = r. Hence, k = 1, X=B is the
directed cycle Cr and X = Cr[ Kn=r], as required.
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